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Abstract 

We construct generalized 11D supergravity solutions of fully localized intersecting 
D2/D4 brane systems. These solutions are obtained by embedding six-dimensional 
resolved Eguchi-Hanson conifolds lifted to M-theory. We reduce these solutions to 
ten dimensions, obtaining new D-brane systems in type IIA supergravity. We discuss 
the limits in which the dynamics of the D2 brane decouples from the bulk for these 
solutions. 
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1 Introduction 



The correspondence between field theories in (d + 1)— dimensional Anti-de Sitter space-time 
and d— dimensional conformal field theories has been studied in various aspects in the last 
years PQ-[1]. The correspondence has been conjectured for large N limit of super conformal 
gauge theory on the boundary of AdS and the supergravity on the bulk of AdS pp. The 
conjecture states that partition function of the field theory on the bulk of AdS should 
be identified with the generating functional of the boundary super conformal field theory. 
Different aspects of correspondence in string theory on AdS§ x S 5 have been tested and 
carried out in [l]-[5]. The correspondence also has been considered and studied on the 
bulk/boundary of AdS 5 x £ where £ is Sasaki-Einstein manifold. This means that the 
metric cone £ is Ricci-flat Kahler or Calabi-Yau where the superconformal field theory may 
be arising from D3-branes sitting at the tip of Calabi-Yau cone. By deforming the tip of 
Calabi-Yau cones, one can obtain resolved Calabi-Yau manifolds with smooth geometries [Sj. 

In a related line of research, recently new supergravity solutions for fully localized inter- 
secting type IIA D2_LD6, D2_LD4, NS5_LD6 and NS5_LD5 brane systems have been obtained 
[3 [8j [9] . By lifting a D6 (D5 or D4)-brane to four-dimensional Bianchi type IX geometry 
embedded in M-theory [10J, these solutions were constructed by placing M2- and M5-branes 
in the four- dimensional Taub-NUT/Bolt, Eguchi-Hanson and Atiyah-Hitchin background 
geometries (all as special cases of the four- dimensional Bianchi type IX geometry) as well as 
Bianchi type IX geometry. The special feature of these constructions is that the solution is 
not restricted to be in the near core region of the D6 (D5 or D4)-brane. 

Inspired with these works, in this paper we embed the six-dimensional Eguchi-Hanson 
resolved conifold which has been constructed first in [11] into M-theory. Although some 
higher- dimensional Eguchi-Hanson metrics have been constructed in [T2] , but these solutions 
are asymptotically (A)dS and couldn't be embedded in M-theory. The solutions in the paper 
do not preserve any supersymmetry due to dimension of embedded Eguchi-Hanson space, but 
nevertheless exhibit interesting properties that are qualitatively similar to supersymmetric 
solutions [3 [8j [9]. Specifically the brane metric function behaves the same way near the 
brane core and at infinity. Moreover it is an integrated product of a decaying function and 
a damped oscillating function far from the brane. Near the brane core, the convolution of 
the two functions diverges as for the supersymmetric cases. For all of the different solutions 
we compactify the solutions on a circle, obtaining the different fields of type IIA string 
theory. Explicit calculation shows that in all cases the metric is asymptotically (locally) flat, 
though for some of the compactified solutions the type IIA dilaton field diverges at infinity. 
The outline of this paper is as follows. In section [21 we discuss briefly the six- dimensional 
Eguchi-Hanson conifolds. In section [31 we present the different M2-brane solutions on the 
background of resolved Eguchi-Hanson conifolds and find type IIA D2_LD4(2) intersecting 
brane solutions upon dimensional reduction. In section HI we consider the decoupling limit 
of these solutions. 
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2 Eguchi-Hanson Resolved Conifolds 



The four-dimensional Eguchi-Hanson metric is given by 

2 2 

ds 2 = g(r)dr 2 + + cos(fl)d0] 2 + r —{d0 2 + sin 2 (#)d0 2 ), (2.1) 



where 



9(r) = 0-^)- 1 . (2.2) 



The space is asymptotically locally Euclidean with a self-dual curvature. The metric has a 
single removable bolt singularity if ip is restricted to the interval (0, 2tc) and the topology of 
the manifold is S 3 /Z 2 asymptotically, hence the manifold is asymptotically locally Euclidean. 
Moreover the manifold has the topology of R 2 x S 2 near bolt singularity r = a. 

The six-dimensional Eguchi-Hanson class of instantons on the conifold was first explicitly 
obtained in [TT]. The solution was found explicitly by constructing the Ricci-flat Kahler 
metric on resolved conifold. The metric is 



,2 tf„\jJZ i \j„i. i „„„(a \ji i „„„//) \ ji 12 ' 



dsE H . = f(r)dr 2 +— ZT [#+cos(0i)# 1 +cos(0 2 W 2 ] +^(d6(+sm z (8 1 )d(f)(+d6 2 .+sm 2 (6 2 )d(i) 2 2 
b 9/(rJ o 

(2.3) 

where the metric function f(r) is given by /(r) = (1 - ^) _1 . We note that the metric (IO> 
was obtained in [13] as t— constant hypersurface of the seven dimensional Eguchi-Hanson- 
AdS (dS) solitons in the limit of zero cosmological constant. 

We note that for a = 0, the metric (I2.3P reduces to metric of Calabi-Yau cone ds 2 = 
dr 2 + r 2 dTj\ x where dH\ x is the metric on manifold N\ t i which is fibre bundle over S 2 x S 3 . 
In general the metrics dY? v given by 

dT^ q = a[d%jj + p cos(9i)d(f) 1 + q cos(#2 )d(p 2 } 2 + p^dOl + sin 2 ^)^) + p 2 (d6 2 2 + sm 2 (6 2 )d<i) 2 2 ), 

(2.4) 

in which p and q are relatively prime integers, are the metrics on manifolds M p q which are 
U(l) fibre bundles over S 2 x S 2 . The coordinates 0i, 0, are spherical polar coordinates on 
each S 2 and ip is the coordinate on the U(l) fibre. For two special choices of p = q = 1 and 
p = l,q = these fibre bundles are over S 2 x S 3 . In the first case a = |, /3 X = |, /5 2 = | 
and the metric of Calabi-Yau cone (is 2 = <ir 2 + r 2 dTi\ x is an special case of six-dimensional 
Eguchi-Hanson instantons f)2.3p and in the second case a — fi x — |, /3 2 = | with no special 
relation to the metric (12.31) . Although two manifolds M\.\ and Ai,o are diffeomorphic but 
two metrics dT\ x and c?S 2 represent different geometries on S 2 x S 3 . 
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3 Embedding Six-dimensional Eguchi-Hanson Resolved 
Conifolds in M2 brane 



We embed the six-dimensional Eguchi-Hanson metric explicitly into the eleven- dimensional 
supergravity metric given by 



ds 2 u = H~ 2/3 (y,r)(-dt 2 + dxj + dx\) + H 1/3 (y,r)(dy 2 + y 2 da 2 + ds 
with the following non- vanishing components of four-form field F, 

1 dH 



EH%)i 



tx 1 x 2 y 



tX\X2T 



2H 2 dy 
1 dH 



(3.1) 



(3.2) 



(3.3) 



2H 2 dr ' 

We note that to construct a solution to the equations of 11-dimensional supergravity and 
successfully reduced them to D = 10 dimensional type IIA string theory, we must assume 
a bosonic ground state, i.e. the vacuum expectation value of any fermionic field should be 
zero. This will allow us to focus on the equations for jmjv and Amnp (M, N,P = 0, 10), 
which are now given by 



R 



AIN 



:9mnR 



jp w PQR 



~ t;9mnFpqrsF pqrs 



v m f mnpq 



1 



576 
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M x ...M± r M 5 ...Mg, 



(3.4) 
(3.5) 



where because (^m) — 0, Rmnpq is the unmodified four-form field strength 
Fmnpq = ^9[mAmpq] 
= - [Amnp,c 

From (13.11) . one can use 



— A np q >m + Apqm,N — Aq mn> p] 



(3.6) 



9ab 



e" 2$/3 ( 9aP + e 2 *C a C?) ue^Q 



ve 



(3.7) 



where v is the winding number, giving the number of times the membrane wraps around the 
compactified dimension [H]. For simplicity we will take v = 1 in what follows. From (13.71) 
and the reduction of Amnp to its ten dimensional form, the Ramond-Ramond (RR) (C a , 
A^) and Neveu-Schwarz Neveu-Schwarz (NSNS) ($, B a p and g a p) fields can be easily read 
off. Once the ten dimensional equations are found, their analysis and comparison to existing 
forms can be carried out. In obtaining the relation (13.71) with v — 1, we use the well known 
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Kaluza-Klein reduction of the 11D supergravity metric and field strength to 10D metric and 
field strength [15] 

ds 2 {1>10) = e- 2 ^ 3 ds 2 {l!9) + e^ 3 (dx 10 + C a dx a ) 2 , (3.8) 
F (4 ) = J" (4) + i? (3 ) A dx w , (3.9) 

where J 7 ^ and are the RR four-form and NSNS three-form field strengths corresponding 
to v4 Q/ 3 7 and B a p and xio is the coordinate of compactified manifold. We take it to be a circle 
with radius R^, parameterized as xio = Roo^ where ip has period 2n. Although we have 
assumed v — 1, the v ^ 1 case can be dealt with by compactifying v times over this circle 
and replacing x 10 by vx\§ in the relations (13.81) and (13.91) . This simply adds to the dilaton 
field a constant term of the form | In z/, and multiplies the RR field C a by a multiplicative 
constant of - when we reduce the theory to 10 dimensions. 

Requiring that (13.11) . (I3.2p and (I3.3p satisfy the field equations (13.41) and (I3.5P yields the 
differential equation 

a|/ z yay ar z ar 

for H(y,r). By substituting 

ff(l/,r) = l + Q W2 i2(r)y(y), (3.11) 
where Qm2 is the M2 brane charge, we obtain 

f) 2 Y 1 BY 

^ + -f--c 2 F = 0, (3.12) 
ay^ y ay 

whose solution is Ko(cy) which is decaying to zero at large y. The differential equation for 
R(r) turns out to be 

r ( r 6 - a 6 )^| + (5r 6 + a 6 )^ + cVi^r) = 0. (3.13) 
dr 2 dr 

We solve the radial differential equation (I3.13P in two different cases: 

I) a = 0; in this case the transverse space to the M2 brane is product of M. 2 with 
Calabi-Yau cone ds 2 = dr 2 + r 2 dY\ v The solution to equation (13.131) is given by 

R(r) ~ ^ 2 (cr), (3.14) 

where J 2 is the first order Bessel function of the second kind. We note that solution ( 13.141) 
is finite for r near to and decays away from the tip of Calabi-Yau cone. Hence, the most 
general form for the metric function is given by 

H(y,r) = l + Q M2 / dcf{c)-J 2 {cr)K {cy). (3.15) 
Jo r 
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Figure 3.1: Numerical solution i?/10 5 to radial equation (13.131) as a function of -. For r 
the radial function R diverges and for r — > oo, it vanishes as Ji *j . 



To fix up the measure function f(c), we should consider the near horizon limit of our solution. 
In this limit where r approaches the tip of the cone, the transverse space to brane reduces 
to M 2 x S 3 x S 3 and hence the metric function should coincide with 1 + ^p 2 -. By comparing 
the metric function (13. 15[) in near horizon limit with the known integral 

dcc 5 K (cy) = (-) 6 , (3.16) 

y 

we obtain f(c) = y and so the metric function becomes 

H(y, r) = l + ^f[ c 3 dc±J 2 (cr)K (cy) = 1 + j^y r (3.17) 

So we notice that although the transverse space to the M2 brane has conical singularity at 
r = 0, but M2 brane metric function (13. 17j) has proper behaviour over there. This feature is 
quite interesting since all the other previously know solutions [Tj, El E] are absolutely free of 
conical singularities in the transverse spaces. 

II) a 0; In this case, we can find the solutions to equation (13 . 131) numerically since it is 
not solvable analytically (unless c = 0, which reduces generality). For large r, the solution to 
equation (13 . 13[) that vanishes at infinity is . A typical numerical solution to the radial 
differential equation versus a/r is displayed in figure [37T1 So the metric function becomes 

POO 

H EH (y, r) = 1 + Q M2 / dcp(c)R(r)K (cy). (3.18) 

Jo 

By dimensional analysis, p(c) = poc 5 , where po is a constant that can be absorbed into the 
definition of Qm2- We notice the radial part of the metric function approaches to the finite 

2 

value of y on the tip of the cone. On the other hand by resolving the singularity of the cone 
in the transverse space to M2 brane, the radial part of the metric function diverges near the 
point r = a (we note that in metric (12.31) . the coordinate r is greater than or equal to a). 
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Figure 3.2: Numerical solution R/10 5 to radial equation (13.201) as a function of -. For r = a, 
the radial function R diverges and for r — ► oo, it vanishes as 



By changing c —>■ ic in the differential equations (13.121) and (13.131) . we get another solution 
in the form of 

/•oo 

H EH (y, r) = 1 + Q M2 / dec 5 R c (r)Y (cy) (3.19) 



where ^o( c l/) is the Bessel function of second kind and R c (r) is the solution to 

0. 



r(r 6 _ a S)f^fl + ( 5 r 6 + a 6 )^^ - cVf2 c i ,-) 



<ir 2 



dr 



(3.20) 



At large r, the radial solution monotonically vanishes as ^rpi- A typical numerical solution 
to the equation (I3.20p versus a/r is displayed in figure [3721 

Reduction of these solutions to a ten dimensional type IIA string theory solution proceeds 
in a manner similar to the reduction of S* 4 regarded as containing a NUT and anti-NUT 
charge |16j . The vector d/dip generates a Hopf fibration of a 3-sphere in the metric (12. 3p . 
Using flHTU) we obtain the NSNS fields 



B 



3 
4 





I In 



9/ J 



where we define the dimensionless coordinate w by w 
fields and the ten dimensional metric will be given by 



C 4>i 



a cos(9i) 
j_ 

H 



(3.21) 

The Ramond-Ramond (RR) 

(3.22) 



dsl Q = ^{H- 1 / 2 r 1 / 2 (-dt 2 + dx 2 1 + dx 2 2 ) + 



+ H^r 1 ' 2 (dy 2 + y 2 da 2 ) + H 1 ' 2 f 1 



111 

x [dw 2 + —(d9i + sin 2 ^)^ + de 2 2 + sin 2 (# 2 )#2)]}- 
6/ 



2 , „;„2/ 



(3.23) 
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The metric ( I3.23|) describes a D2_LD4 system where the D2-brane is localized along the 
world- volume of the D4-brane. We note H refers to either Heh or Heh given by (I3.18P and 
(13.191) and / = f(xv) = (1 — w~ 6 ) 1 in the above equations. We have explicitly checked that 
the above 10- dimensional metric, with the given dilaton and one form, is a solution to the 
10-dimensional supergravity equations of motion. 

The 10D metric is locally asymptotically flat (though the dilaton field diverges); for large 
xv it reduces to 

2 

XV XV 

ds 2 w = -{-dt 2 + dx\ + dx\ + dy 2 + y 2 da 2 + a 2 [dw 2 + — (d£l\ + dVt' 2 )]} (3.24) 
3 6 

which is a 10D locally flat metric with solid deficit angles. The Kretchmann invariant of this 
spacetime vanishes at infinity and is given by 

2214 

R^paR^ = (3.25) 

and all the components of the Riemann tensor in the orthonormal basis have similar -\ 
behavior, vanishing at infinity. 

4 Decoupling limits 

At low energies, the dynamics of the D2 brane decouple from the bulk, with the region close 
to the D4 brane corresponding to a range of energy scales governed by the IR fixed point |17j . 
For D2 branes localized on D4 branes, this corresponds in the field theory to a vanishing 
mass for the fundamental hyper-multiplets. Near the D2 brane horizon (H 3> 1), the field 
theory limit is given by 

g 2 YM 2 = 9sK 1 = foed. (4.1) 

In this limit the gauge coupling on the four brane gy M4 = (27i) 2 g s £ s = (2ii£ s ) 2 gY M2 goes to 
zero, so the dynamics there decouple. In each of our cases above, the radial coordinates are 
also scaled such that 

are fixed. As a result, we note that this will change the harmonic function of the D6 brane 
and we get 

f(r) ^( 1 -]P)= ( 4 - 3 ) 

where a has been rescaled to a = A£ 2 . The radial functions R and R in equations (13.181) and 
( 13.191) are the solutions of 

U(U^ - A e )^p- + (5f/ 6 + A 6 )^P + C 2 U 7 R(U) = (4.4) 
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U(U* _ A 6 )^|^ + (5U 6 + A 6 )^l - C 2 U 7 R(U) = (4.5) 

respectively, where we rescaled the integration variable c by C/£ 2 . Moreover, we use l v = 
gl^i s to rewrite 

Q M 2 = 32n 2 N 2 £l = 32-k 2 N 2 g 2 Y M2 t s (4.6) 
and so the M2 metric function (13. 18[) changes to 

/dC C 5 1 
—p —R(U)K (CY) = ^h EH (Y, U) (4.7) 

The other D2 harmonic function in the above solution (13.191) can be shown to scale as 
H EH (Y, U) = £~ 4 h EH (Y, U) in the same was as H EH (y,r). This scaling form causes the D2- 
brane to warp the ALE region and the asymptotically flat region of the D4-brane geometry. 
Finally, the ten-dimensional metric (13.231) scales as 

= ^{h- l ' 2 {Y,U)r l/2 {U){-dt 2 + dx 2 l + dx 2 2 ) + 

+ h^(Y, f/)r 1/2 (f/) (dY 2 + Y 2 da 2 ) + h^iY, t/)/ 1/2 (£7) x 

x [dU 2 + 7 ^^(d6 2 1 + sm 2 (e 1 )d(l)j + de 2 2 + sm 2 (e 2 )d ( l ) 2 2 )]}. (4.8) 
6/(f/) 

and there is only an overall normalization factor of l 2 s in the above metric which is the 
expected result for a solution that is a supergravity dual of a quantum field theory. 



5 Conclusions 

By embedding six-dimensional Eguchi-Hanson resolved conifolds into M-theory, we have 
found new classes of 2-brane solutions to D = 11 supergravity. These exact solutions are 
new M2- brane metrics with metric functions (13.181) . (13.191) - these are the main results of 
this paper. The conical singularity of Eguchi-Hanson geometry makes this space special to 
be considered as an interesting transverse space to M2-brane. The brane solutions show that 
even in the presence of conical singularities in the transverse space (unlike the other know 
solutions that are free of conical singularities in the transverse space), we can find a brane 
metric function. The common feature of solutions is that the brane function is a convolution 
of an decaying 'radial' function with a damped oscillating one. The 'radial' function vanishes 
far from the branes and diverges near the brane core, while without resolving the cone 
singularity, the radial function approaches a finite value on the tip of the cone. Finally we 
considered the decoupling limit of our solutions and found that all solutions behave properly 
in the decoupling limit. 
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